Abstract. In this work we present a new approach to the study of the stability of admissible shock wave solutions for systems of conservation laws that change type. The systems we treat have quadratic ux functions. We employ the fundamental wave manifold W as a global framework to characterize shock waves that comply with the viscosity admissibility criterion. Points of W parametrize dynamical systems associated with shock wave solutions.
INTRODUCTION
We study systems of two conservation laws in one space variable, U t + F(U) x = 0 ; x 2 R ; t > 0 ; (1.1) important engineering applications (e.g., three-phase ow in a porous medium), we do not require system (1.1) to be strictly hyperbolic. Thus we allow for points U such that the Jacobian F 0 (U) has eigenvalues 1 (U) and 2 (U) that coincide or are not real.
We are particularly interested in quadratic models, i.e., models for which the ux function F(U) depends quadratically on U. Models of this type arise as an approximation of more general ux functions when localizing the problem to a neighborhood of a point in state space. They capture a wide range of nonlinear phenomena, including loss of strict hyperbolicity, that occur in the general case. Because of the nonlinearity of the ux function F, solutions of the Cauchy problem for system (1.1) typically form discontinuities, even when the initial data are smooth. An initial-value problem with initial data of the form U(x; t = 0) = U L if x < 0 ; U R if x > 0 (1.2)
is called a Riemann initial-value problem. We concentrate on the simplest kind of discontinuous solution of a Riemann problem, called a shock wave, which corresponds to a jump discontinuity separating two constant states U ? and U + and traveling at a constant speed s.
Since some weak solutions of system (1.1) are unphysical, we must impose additional criteria, called admissibility criteria, to extract physical waves. For this purpose, recall that as a model of uid dynamics, system (1.1) usually arises by neglecting the dissipative e ects of a parabolic term: U t + F(U) x = (D(U) U x ) x : (1.3) A solution of system (1.1) can be thought of as a singular limit, as ! 0, of solutions of system (1.3). In particular, shock wave solutions of system (1.1) that are limits of traveling wave solutions of system (1.3) are said to satisfy the viscosity admissibility criterion, which we shall adopt to determine admissible waves; see Sec. 2. The central objective of this work is the study of stability, i.e., continuous dependence, of admissible shock waves with respect to changes of the state U ? on the left side of the shock wave and of the shock speed s. Instead of treating the stability of an individual shock wave, our approach in this paper is to work with the three-parameter family of dynamical systems associated with the set of all shock wave solutions.
The fundamental wave manifold W, introduced in Ref. 12 ], o ers a uni ed framework for such an analysis. Points of W represent shock waves and parametrize the corresponding dynamical systems. An admissible shock point of W is de ned by the existence of a connecting orbit between the two critical points U ? and U + in the corresponding dynamical system. The class of admissible shock waves forms a region within W, which is bounded by the admissibility boundary. A dynamical system corresponding to a point on the admissibility boundary is generically structurally unstable, as described in Sec. 4 . In fact, the admissibility boundary is contained in the loci associated with the occurrence of nonhyperbolic critical points, double separatrix connections, and nonhyperbolic limit cycles. In this paper we examine certain codimension-1 bifurcations (saddle-node, transcritical, Hopf, homoclinic, and heteroclinic bifurcations) and codimension-2 bifurcations (Bogdanov-Takens bifurcation and double saddlesaddle connections).
In Sec. 5 we present explicit formulae for certain parts of the admissibility boundary for quadratic models. In particular, portions of the saddle-node, Hopf, and heteroclinic loci (with straight-line separatrices) are shown to be ruled surfaces when a special global coordinate system for W is used. Furthermore, we calculate the tangent to the homoclinic locus at Bogdanov-Takens points of W. Finally, we describe numerical experiments to locate other points on the admissibility boundary that correspond to global bifurcations. In particular, we nd that heteroclinic points with curved separatrices seem to lie on ruled surfaces also.
At the end of Sec. 5, we analyze a generic two-dimensional slice of the threedimensional bifurcation diagram. We nd the region of admissible shock waves and the mechanisms that cause bifurcations as the admissibility boundary is crossed. We also determine the region of shock waves admissible according to the Lax criterion and compare it with the viscosity admissibility region, showing where the two criteria are not equivalent.
SHOCK WAVE ADMISSIBILITY
In this section we discuss nonclassical solutions of the conservation law (1.1) involving a single jump discontinuity propagating at constant speed s 2 R; the states on the left and right sides of this shock wave are denoted, respectively, by U ? 2 U and U + 2 U. A weak formulation of the conservation law implies that the quantities U ? ; U + 2 U and s 2 R must satisfy the Rankine-Hugoniot condition ?s U + ? U ? ] + F(U + ) ? F(U ? ) = 0 ; (2.1) which embodies the conservation principle across the discontinuity. Because there are solutions of Eq. (2.1) that are not physically meaningful and would lead to nonuniqueness, we must impose additional criteria to extract the physical solution.
For this purpose we use the viscosity admissibility criterion, which derives from a parabolic system of equations U t + F(U) x = (D(U) U x ) x ; x 2 R ; t > 0 ; (2.2) here > 0, and D(U) is called the viscosity matrix. We shall work with viscosity matrices that are independent of U and satisfy the following assumption. A hyperbolic critical point U cr of a planar dynamical system is one of the following: a node if the eigenvalues of the Jacobian are both real and have equal signs, i.e., discrmJ(U cr ) > 0 and det J(U cr ) > 0; a saddle point if the eigenvalues of the Jacobian are both real and of opposite signs, i.e., discrmJ(U cr ) > 0 and det J(U cr ) < 0; or a spiral if the eigenvalues of the Jacobian are nonreal, i.e., discrmJ(U cr ) < 0 and det J(U cr ) > 0.
For a hyperbolic critical point U cr , the set W (1) a 1-wave, which corresponds to an orbit joining a repelling node or spiral point U ? to a saddle point U + ; (2) a 2-wave, which corresponds to an orbit joining a saddle point U ? to an attracting node or spiral point U + ; (3) a transitional wave, which corresponds to an orbit joining two saddle points U ? and U + ; (4) an overcompressive wave, which corresponds to an orbit joining a repelling node or a spiral point U ? to an attracting node or a spiral point U + . Figure 2 .1 illustrates the four types of admissible shock waves between the two hyperbolic critical points. To this list we can add the possibility that U ? or U + be nonhyperbolic, for example a weak node, weak spiral point, or weak saddle point. As we show in Sec. 5, a shock wave involving a nonhyperbolic critical point belongs to the the boundary of the region of admissible shock waves. The viscosity criterion obviously depends on the viscosity matrix. Throughout this work we take D to be a xed matrix satisfying the Assumption 2.1. in state space. In all cases the -limit of the connecting orbit is U ? and the !-limit is U + . The types of critical points connected determine the type of the shock wave.
1-WAVE
In the inviscid theory, other shock wave admissibility criteria, such as the Lax characteristic criterion, are used to restrict the class of weak solutions. The Lax criterion requires, for a wave to be admissible, that the characteristics of one and only one family approach the shock wave. This is described by the inequalities s < 1 (U ? ) ; 1 (1) U ? is a repelling node and U + is a saddle point for a Lax 1-shock wave; or (2) U ? is a saddle point and U + is an attracting node for a Lax 2-shock wave. A Lax wave that admits a viscous pro le is therefore either a 1-wave or a 2-wave. For D close to a multiple of the identity matrix, a Lax wave has the same con guration of critical points as in (1) or (2) . As shown in Ref. 5 ] for weak Lax waves, i.e., with U + close to U ? , such a con guration implies the existence of a connecting orbit.
The Lax criterion is not, however, equivalent to the viscous pro le criterion. For instance, simple examples of scalar conservation laws have shock waves that satisfy the Lax criterion but not the Ole nik criterion, which is equivalent to the viscous pro le criterion. More generally, strong Lax waves might not have pro les: although the phase portrait for a Lax wave with a pro le is stable, so that nearby Lax waves also have pro les, su ciently strong perturbations, even within the class of Lax waves, can break the connecting orbit. On the other hand, transitional and overcompressive waves admit viscous pro les but do not comply with the Lax criterion.
3. FUNDAMENTAL WAVE MANIFOLD 3.1 Introduction. The central objective of this paper is to study the stability, i.e., continuous dependence, of admissible shock waves with respect changes of the state U ? on the left of the shock wave and of the shock speed s. Because we adopt the viscosity admissibility criterion to determine admissible waves, the study of stability of admissible waves reduces to bifurcation analysis of the corresponding dynamical system (2.3). In order to determine all admissible shock waves that can appear in a solution of the Riemann problem, we employ a global framework based on the fundamental wave manifold 12]. Since shock wave solutions are intrinsically incorporated into the construction of the wave manifold, we are able to treat both classical and nonclassical shock waves in a uni ed fashion. The central idea in the construction is to parametrize solutions of the Rankine-Hugoniot jump condition. 
The zero-set of F contains both nontrivial shock solutions and their R ! 0 limits, which correspond to rarefaction points, but does not contain trivial points.
Notice that F is well-de ned only on b P, and not on P , since F(U;R; ; s) = ?F(U;?R; + ; s). Therefore Proof. This follows directly from the de nition (3.7) of A and the a ne linearity of the Jacobian matrix F 0 (U).
This proposition implies that the function F of Eq. (3.9), the zero-set of which de nes W, can be written as F(U;R; ; s) = ?s + F 0 (U) r( ) :
We shall make use of the following notation introduced in Ref The foregoing de nes the framework for the analysis of admissible shock waves.
ADMISSIBILITY BOUNDARY
In this section we employ the fundamental wave manifold to determine the set of admissible shock waves. As discussed in the previous section, each point in W hypersurfaces in W, and crossing these portions transversally leads to a bifurcation of the vector eld (2.3) that in uences the connection between the critical points U ? and U + . In order to determine the admissibility boundary, we shall study the set of points in W for which the corresponding vector eld is not structurally stable.
We address the problem of structural stability in the next subsection.
4.1 Stability of Polynomial Vector Fields in the Plane. Let X denote a planar polynomial vector eld of degree n, i.e., a vector eld of the form X = P @ @x + Q @ @y ; (4.1) where P = p ij x i y j and Q = q ij x i y j , 0 i + j n. The space X n of all planar polynomial vector elds of degree n is endowed with the structure of the a ne space R N , where N = (n + 1)(n + 2), and each vector eld X 2 X n is identi ed with the N-tuple ( In order to characterize the set of regularly structurally stable polynomial vector elds, we shall make use of the following de nitions.
De nition 4.3. A nonhyperbolic critical point U cr for which the Jacobian matrix J (U cr ) has exactly one eigenvalue equal to zero is called a saddle-node.
An invariant manifold that is tangent to the center eigenspace, i.e., the eigenspace associated with the zero eigenvalue, is called a center manifold. Higher-order terms in the projection of a smooth vector eld X onto a center manifold determine the type of a saddle-node point. A saddle-node of the rst type is a saddle-node for which the Taylor expansion of the projection of X onto a center manifold begins with the second order terms. (This is usually what is meant by the term \saddle-node.") When the Taylor expansion of the projection starts with the third order terms, the saddle-node is called a saddle-node point of the second type, or a weak saddle point.
Recall that a saddle point has four hyperbolic sectors, bounded by four separatrices. A saddle-node of the rst type has one parabolic sector bounded by the two strong separatrices, i.e., separatrices tangent to the nonzero eigenspace, and two hyperbolic sectors, each bounded by a strong separatrix and separated from each other by the weak separatrix, i.e., a separatrix tangent to the null eigenspace.
De nition 4.4. An orbit that is a separatrix for two di erent critical points, or twice a separatrix for the same critical point, is called a double separatrix. If the two critical points involved are saddle points, a double separatrix is called a saddle, or heteroclinic, connection. If a double separatrix connects a saddle point to itself, it is called a homoclinic loop.
De nition 4.5. A nonhyperbolic critical point U cr for which the Jacobian matrix J (U cr ) has a pair of purely imaginary eigenvalues is called a Hopf point.
In discussing the stability of vector elds, the hyperbolicity of periodic orbits plays an important role. The hyperbolicity of a periodic orbit is determined by the derivative of the Poincar e map. In order to de ne the Poincar e map, let L be a line segment transverse to at a point p on the orbit, and let L 0 L be a su ciently small segment containing p. The rst return or Poincar e map P : L 0 ! L is de ned to be the map that associates to each point q 2 L 0 the rst point P(q) where the orbit of q returns and intersects L. Note that since is periodic, p is a xed point for P.
Since P is a local di eomorphism of the same class as the vector eld 22], we can use the derivative of P to describe the behavior of the vector eld in the neighborhood of . A classical formula of Poincar e gives that for a planar vector eld X, log P 0 (p) =
De nition 4.6. We say that is a hyperbolic periodic orbit if p is a hyperbolic xed point of the Poincar e map P : L 0 ! L, i.e., if P 0 (p) 6 = 1.
The following theorem of J. Sotomayor and R. Paterlini 31] characterizes the set of regularly structurally stable planar polynomial vector elds.
Theorem 4.7. A vector eld X 2 X n is regularly structurally stable if and only if it belongs to the set RS n := RS n (1) \ RS n (2) \ RS n (3), where RS n (i), i = 1; 2; 3, is de ned by property i below:
(1) All the critical points of }(X) are hyperbolic.
(2) All periodic orbits of }(X) are hyperbolic. (3) All double separatrices are contained in S 1 .
Furthermore, the regular bifurcation set, RB 1 n = X n ?RS n , is contained in a countable union of analytic submanifolds of codimension 1.
Constituent
Components of the Admissibility Boundary. To determine the admissibility boundary @A we study the regular bifurcation set RB 1 n in W and determine the subset that consists of bifurcations that in uence the connection between the left and right states in a shock wave. In this paper, we focus on two mechanisms responsible for the loss of regular structural stability, namely occurrence of a nonhyperbolic critical point or the occurrence of a double separatrix. In order to use Theorem 4.7, we require some mild assumptions on the second order terms of the ux function F and the viscosity matrix D that exclude pathological behavior at in nity. The set of vector elds that remain is generic, in the sense that it is a subset of X n that is open and dense for the metric of X n . More precisely, let NP denote the set of all vector elds X 2 X n having at least one nonhyperbolic critical point at in nity, and NO the set of all vector elds such that S 1 is a nonhyperbolic periodic orbit. As proved in Ref. 7] , the set G := X n ? (NP NO) is generic in X n . Therefore we shall work with the following assumption. (1) every point on the equator is a critical point, i.e., T n ( ) 0; (2) real zeros of T n ( ) are critical points in S 1 ; and (3) the equator is a closed orbit, i.e., T n ( ) has no real zeros.
In the rst case, the vector eld X is nonhyperbolic everywhere at in nity. In the second case, since the Jacobian matrix evaluated at the critical points on the equator is given by T 0 n ( ) T n?1 ( ) 0 ?R n ( ) ; (4.6) the corresponding critical point at in nity is hyperbolic if and only if T 0 n ( ) R n ( ) 6 = 0 :
(4.7) In the case when T n ( ) has no real zeros, i.e., the equator is a closed orbit, it is necessary that n be odd, since T n is a polynomial of degree n+1 in tan ; following In the next section we restrict to the case of quadratic models, and give explicit formulae for some of the loci de ned here.
ADMISSIBLE WAVES IN QUADRATIC MODELS
Our goal is to determine the region of admissible shock waves in W for generic quadratic ux functions, using the results and ideas developed in the previous sections. We study regularly structurally (5.19) This notation will be used below. Also notice that for a xed shock angle , the two parameter family of dynamical systems (5.13) in W, with parameters and R, has a particularly simple form, since the coe cients of the vector eld (5.13) depend linearly on R and .
Generic Flux
Functions. Before we proceed with determining the boundary of the admissibility region in W, we must determine conditions on the second order terms of the ux function F and the viscosity matrix D that assure that the corresponding vector eld (5.1) belongs to the class G := X n ? (NP NO). Since this eld is quadratic, S 1 is never a periodic orbit for the Poincar e eld, so that the set NO is empty. Therefore, following the results from the previous section, the vector eld (5.1) is generic if and only if there are no nonhyperbolic critical points at in nity.
Critical points at in nity correspond to the zeros of the function T 2 ( ), de ned by the rst of Eqs. (4.5 3] that, at the boundary between the Cases I and II, the corresponding vector eld undergoes a transcritical bifurcation at in nity, and that, at the boundary between the Cases III and IV, the vector eld undergoes a saddle-node bifurcation at in nity.
5.3 Saddle-Node Locus. The saddle-node locus SN comprises points of W for which one of the critical points U cr of the corresponding dynamical system has an eigenvalue equal to zero, i.e., the determinant of the Jacobian vanishes: det D ?1 ?s + F 0 (U cr )] = 0 : (5.22) Notice that this equation is independent of D. The The boundary of the Hopf locus generically consists of points such that the discriminant, as well as the trace, of the Jacobian is zero (cf. inequality (5.32)); thus the boundary is the intersection of the ruled surfaces above with C, S L , and S R . This intersection is the Bogdanov-Takens locus, which is discussed below. For points on the ruled surfaces of Corollary 5.4 that are neither Hopf nor BogdanovTakens points, U is a saddle point with eigenvalues 1 and 2 such that 1 = ? 2 . 5.5 Bogdanov-Takens and Homoclinic Loci. In contrast to the local phenomena that determine the saddle-node and Hopf loci, the existence of a homoclinic orbit is a nonlocal phenomenon. Although we do not know an explicit formula for the homoclinic locus, the tangent space of this locus can be calculated at the points where it intersects C. For a point in this intersection, the corresponding dynamical system has a Bogdanov-Takens critical point at U. .41) i.e., 0 is not a viscosity angle.
Then, in a neighborhood of (0; 0 ; 0 ), the homoclinic loci HO L and HO R form two-dimensional manifolds whose boundaries are the Bogdanov-Takens points. Furthermore, the ruled surfaces fails precisely at the points of E where genuine nonlinearity fails, or equivalently where the secondary bifurcation locus intersects E. We emphasize, however, that when D is not a multiple of the identity matrix, BT \ C is distinct from E. In particular, the formation of homoclinic orbits is not tied to the cusping of the (projected) shock curves that occurs at the coincidence locus.
Numerical experiments indicate that the global structure of the homoclinic locus is as indicated in Fig. 5.6 , which is discussed below.
5.6 Heteroclinic Locus. The heteroclinic locus HT comprises points of W for which the corresponding dynamical system has two saddle points joined by a double separatrix. For convenience, we denote by HT 0 the points of HT for which the double separatrix joins U ? and U + . By contrast, if U ? , but not U + , is one of the critical points joined by the double separatrix, the point belongs to HT L , and a similar de nition applies to HT R .
For quadratic models, a large class of dynamical systems with heteroclinic orbits joining U ? and U + has been determined explicitly 13 and U 1 + that correspond to the point (R 1 ; 1 ; 1 ) are connected by a straight-line heteroclinic orbit. We are interested in the set of points that have the same dynamical system as the point (R 1 ; 1 ; 1 ) , but for which U + is not the critical point that is involved in the heteroclinic connection. More precisely, let s 1 be the shock speed corresponding to a dynamical system determined by (R 1 ; 1 ; 1 In order to understand the in uence of the existence of \curved" heteroclinic connections to the solution of a Riemann problem, we have performed numerical experiments on some of these models using the Riemann Problem Package developed by E. Isaacson, D. Marchesin, and B. Plohr. We have adapted this program to solve the following problem: given an angle 0 , nd the points (R; ) such that the dynamical system corresponding to (R; ; 0 ) has a separatrix joining two saddle points. A typical set of results from such an experiment is diagrammed in Fig. 5 .5, in which the numerically determined points on the heteroclinic locus are shown as circles. The relationships of this locus with other bifurcation loci is also indicated.
(Note that only certain subsets of the lines that are labeled HF and HT correspond to Hopf and heteroclinic bifurcations. For instance, the continuations of these lines past R = 0 do not belong to these loci.) The example given by Eqs. (5.67) and (5.68) belongs to the class of quadratic models for which the corresponding dynamical system (5.1) generically has three saddle points and one antisaddle point (i.e., node or spiral point). We took the slice of W that corresponds to = 0:75 and determined the region A, which is shaded light gray in Fig. 5.7 . In the same gure we have also distinguished the set of points for which the shock wave between U ? and U + satis es the Lax criterion. The boundary of Lax-admissible waves consists of portions of the bifurcation manifolds across which at least one of the critical points becomes nonhyperbolic, in the sense of Def. 2.2. On the other hand, the admissibility boundary @A for the viscous shock waves involves portions of all bifurcation loci studied in previous sections.
As an example of the mechanism that is responsible for a shock wave to become inadmissible, we present a detailed bifurcation diagram in the vicinity of the point P of Fig. 5.7 . Phase portraits for the magni ed neighborhood of the point P are shown in Fig. 5 .8.
CONCLUSION
We have studied shock wave solutions of quadratic conservation laws using the viscosity admissibility criterion to distinguish physical waves. The fundamental wave manifold W was employed to represent admissible shock waves because points of W parametrize the dynamical systems associated with shock waves. In order to determine the region of admissible shock waves in W, we rst determined the admissibility boundary, the (topological) boundary of the region of admissible shock waves. The admissibility boundary consists of regularly structurally unstable dynamical systems, which are responsible for breaking the connecting orbit between the critical points associated with the left and right states of a shock wave, i.e., for the loss of admissibility. The set of all admissible shock wave solutions is an open subset of W bounded by the admissibility boundary. We have shown that the admissibility boundary consists of portions of the loci corresponding to the heteroclinic bifurcations, limit cycles, homoclinic orbits, Bogdanov-Takens, and Hopf senting the class of models for which the corresponding dynamical system has one antisaddle and three saddle points. Shown here are the sonic loci, the Hopf loci, the numerically observed homoclinic loci, the straight-line heteroclinic loci, and the numerically observed curved heteroclinic loci.
bifurcations. (The in uence of nonhyperbolic limit cycles on the structure of the admissibility boundary is a topic of a current research.)
The shock wave admissibility analysis carried out in this work relates to the more general questions of the construction of solutions of Riemann problems and the stability of wave curves. In studying the solution of a Riemann problem, one constructs wave curves, i.e., one-parameter families of Riemann solutions consisting of segments of rarefaction, shock, and composite waves. Solving Riemann problems with wave curves depends upon the stability of wave curves with respect to changes in their initial states. The stability of a wave curve, in turn, reduces to the stability of each constituent segment. A systematic study of wave curve stability was carried out by Furtado 6] ; assuming the Lax admissibility criterion, he presented a complete list of loci where wave curves bifurcate. The results of this paper represent a step toward understanding the stability of wave curves and Riemann problem solutions when the viscosity admissibility criterion is adopted. 
